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Abstract: The method to elaborately design the refractive index profile in the lower Riemann
sheet of Zhukovski transformation plays an important role in the performance of this kind of
conformal cloaks. However, for most proposed schemes, the mathematical calculations are
complex. Here, we propose amore convenient method to design conformal cloaks bymanipulating
structures directly in the physical space. The designed cloak only needs symmetrical metal
boundaries filled with normal dielectrics (refractive index ranges from 1 to 2) in the ‘circular
branch cut’, which would be more feasible for future experimental implementation. Numerical
simulations are performed by using the finite element method to validate our theoretical analysis.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Transformation optics (TO) is a powerful tool to design extraordinary optical devices [1,2] by
controlling electromagnetic fields. One of the most remarkable applications is the invisibility
cloak. After the key paper by Pendry et al. [3] and the followed experiment by Schurig
et al. [4], many different proposals have been given to design cloaks [5–13]. However,
realization of these cloaks usually requires metamaterials with anisotropic and inhomogeneous
parameters [9–13], which brings challenges to the experiments. Recently, Zheng et al. has
experimentally demonstrated an omnidirectional cloak with some extreme-parameter [14], which
is an improvement for the realization of full-parameter omnidirectional cloaks. Optical conformal
mapping (OCM) [15–18] may simplify the complex material parameters by using isotropic
dielectrics for two-dimensional cloaks [19–28]. However, the broad range and rapid change of the
refractive index distribution make it still difficult to realize in practice [23–25]. In our previous
work [27], optical-null-medium (ONM) [8,29,30] is used in the design of conformal cloaks to
eliminate the geometrical dispersion and reduce the large index profile, where an effective optical
design is constructed in the reference space and is then mapped to the physical space to obtain
the material parameters. However, the boundaries of subwavelength channels and the concealed
region designed in our previous design are asymmetric irregular curves, which is not easy to be
fabricated. Actually, all previous designs on OCM cloaks are playing tricks in the lower Riemann
sheet in the reference space [19–28], which inevitably involves complex calculations of the
material parameters and unpredictable boundary shapes. In the present study, based on the perfect
endoscope effect of ONM, we introduce the idea of “linking equivalent surfaces on the branch
cut by ONMs in the physical space” and propose the method “manipulating structures directly in
the physical space of Zhukovski transformation”, which avoids the complex calculations during
the designs and obtain OCM cloaks of arbitrary predesigned boundary shapes. Moreover, our
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two-dimensional cloaks are omnidirectional and only ordinary materials (isotropic materials with
n< 2 and metal boundaries) are used, which is more feasible for implementation.

2. Theoretical method

In this section, we demonstrate the principle of how to design an omnidirectional conformal cloak
by manipulating structures directly in the physical space. Firstly, the concept of the Zhukovski
transformation [15] is briefly introduced, which is a type of conformal mapping with the formula
given by:

w = z +
a2

z
or z =

1
2

(
w ±

√
w2 − 4a2

)
(1)

where z= x+ iy and w= u+ iv denote complex coordinates in the physical space and the reference
space, respectively. The reference space is composed of two Riemann sheets, which are connected
by a line segment (branch cut) with length 4a. The Zhukovski transformation maps the branch cut
in the reference space to a circle with radius a in the physical space, which we call the ‘circular
branch cut’ for convenience to emphasize it is mapped from the branch cut in the reference space
although it is not really a branch cut in the physical space. The upper and lower Riemann sheets
in the reference space are mapped to the exterior and interior of the ‘circular branch cut’ in the
physical space, respectively. The refractive index distribution between the reference space and
the physical space of Zhukovski transformation is given by [15]:

n = nw

����1 − a2

z2

���� (2)

where n and nw is the refractive index in the physical space and the reference space, respectively.
In our design, only the refractive index distribution outside of the ‘circular branch cut’ in the
physical space is calculated according to Eq. (2), which varies from 0 to 2. Materials inside the
‘circular branch cut’ are designed directly in the physical space.

In the previously reported conformal cloak designs with Zhukovski transformation [27,31–33],
rays touching the branch cut in the upper Riemann sheet will enter into the lower Riemann sheet.
Then, well-designed materials or structures (Eaton lens, Maxwell fisheye lens, metal walls, etc.)
are used to guide them back to the upper Riemann sheet. Equation (1) and Eq. (2) are used to
obtain the transformed curve boundaries and the refractive index distributions inside the ‘circular
branch cut’ in the physical space.

Actually, for a perfect cloaking effect, the upper and lower semicircles of the ‘circular branch
cut’ should be equivalent surfaces (equivalent curves in x-y plane for two dimensional cases)
for the OCM cloaking design by Zhukovski transformation [15]. Therefore, the goal of the
conventional OCM cloaking design is to link these two equivalent surfaces in the reference space,
which is usually fulfilled by using complex optical lens, e.g., Maxwell fisheye lens in the lower
Riemann sheet. The key idea of this study is linking the above equivalence surfaces by ONMs
(i.e., subwavelength channels) directly in the physical space instead of the conventional lens with
complex refractive index distributions in the reference space. Ideal ONM can be obtained by
stretching a surface to a volume from the perspective of TO, which creates infinite equivalent
surfaces along its main axis. Ideal ONM can project electromagnetic fields on one surface
identically onto the other surface along its main axis [8,30], which performs as a perfect lens.
In this study, simple metallic subwavelength channels with normal dielectrics (refractive index
ranges from 1 to 2) are designed to realize the reduced ONMs, which perform as tunneling
channels to link the two equivalent surfaces directly in the physical space.
The basic setup in the physical space for the designed OCM cloak is shown in Fig. 1, where

three rays with different incident directions are plotted. The horizontal ray (colored purple) does
not touch the ‘circular branch cut’ (white circle) and bypasses it. The other two rays touch the
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branch cut, and then enter into the region inside the branch cut, which is filled with symmetrical
subwavelength channels (colored green). The boundaries of subwavelength channels are marked
in black. The red ray (with an incidence angle of 45°) and the blue perpendicular ray propagate
straight in the subwavelength channels, cross the branch cut and then restore its original direction
with the help of the OCM shell (colored yellow). The gray hexagonal region is the cloaking
region. Note the rays can exit the ‘circular branch cut’ with an “correct” angle, which can be
explained from the perspective of “phase preserving feature of two surfaces linked by ONMs”.
Two surfaces linked by the ONM perform as the equivalent surface: the electric field distribution
(phase and amplitude) on one surface will be identically projected onto the other surface along
the main axis of the ONM [8,30], which performs as a perfect lens. The ONMs can preserve the
phase between two surface it links, which also ensures the phase gradient along the two surfaces
are the same. The phase gradient along the surface (i.e., the wavevector parallel to the surface k//)
determines the angle between the propagation direction of the beam and the surface. Therefore,
the rays can exit the second surface with a correct direction, i.e., the ray has the same angle
between the second surface and the first surface. The subwavelength channels used to realize
ONMs should be small enough (i.e., on the subwavelength order) to distinguish and preserve the
phase gradient.

Fig. 1. Design diagram of the cloak in the physical space. Red, blue and purple lines
indicate three ray trajectories with different incident directions. The region colored gray is
the cloaking region. The green region can be filled with ZIMs or well-designed dielectrics.
The black line segments indicate metal boundaries of subwavelength channels.

3. Design examples and numerical simulations

Three different structures of subwavelength channels are given to illustrate the cloak design
using the above method. In the first example [ Fig. 2(a)], the boundaries of the subwavelength
channels are composed of polyline segments. For the other two designs, the boundaries of the
subwavelength channels are part of an ellipse [Figs. 2(b) and 2(c)], and the difference between
them is the location of the invisibility regions. In the following, numerical simulations are used
to check the performance of the invisibility cloaks.
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Fig. 2. Geometrical structures of three symmetrical cloaks designed by our method. (a)
polyline channels; (b) elliptical channels with the central region concealed; (c) elliptical
channels with the two concealed regions symmetrically distributed on the left and right sides.
The regions in blue color are the cloaking regions.

We set a=1 m and truncate the cloak to a circle with a radius of 8 m. The cloak is surrounded
by a perfect matched layer (PML) with a thickness of 2m. A background plane wave with TM
polarization is set as the source. The materials outside the branch cut are magnetic materials,
with εr = 1 and µr = n2. Structures inside the branch cut is subwavelength channels made up of
impedance matched ZIMs (εr = µr = 0.01) and perfect electric conductors (PEC) boundaries. To
check the omnidirectional property of our cloaks, plane waves (λ= 1.5a) with three different
incident angles (0°, 45°, 90°) impinge on the PEC object (colored white) with [ Figs. 3(a)–3(c)]
and without [Figs. 3(d)–3(f)] the cloaks, respectively. We use the second structure [Fig. 2(b)] in
this example. Actually, any objects with arbitrary material parameters enclosed with the PEC
boundary can be concealed. The distributions of the electric field patterns show that nearly no
scattering appears with these three incident angles using our cloaks, while obvious scatterings
occur without the cloaks.

The same good cloaking effects are found for the other two structures. The performance of the
cloaks with the other two structures under incident plane waves (λ= a, and incident angle of 45°)
is shown in Figs. 4(a)–4(b). Objects in the region colored white can be concealed.
The cloaks can be designed under different working frequencies as long as they satisfy the

material parameters described above. Here, three different wavelengths (a, 2.125a, and 5a)
are chosen for the incident plane wave (with an incident angle of 45°). The distributions of
the electric field for the cloaks are shown in Figs. 5(a)–5(c). The zoom-in plots are shown in
Figs. 5(d)–5(f).
Now we show a practical realization of the above cloak without ZIMs. The realization of

the cloaks can be divided into two regions: the exterior and interior of the ‘circular branch
cut’. Outside the ‘circular branch cut’, the regions of our cloaks are isotropic materials, with a
refractive index from 0 to 2, which we have realized experimentally [22]. In the above simulations,
metallic subwavelength channels filled with ZIMs are used to mimic the ONM. However, in
experimental demonstration, the most difficult part of the realization of our cloaks is ZIMs, which
usually require metamaterials with loss and limited bandwidth. Normal dielectrics can be used
to simplify the cloaks without the ZIMs. In the present design, to obtain the cloaking effect, the
index of each subwavelength channel should be chosen properly to make sure the phase delay in
each subwavelength channel is an integer multiple of 2π at a certain frequency:

ni =
mλ
Li

(3)
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Fig. 3. Distributions of the electric field (for TM) for the PEC objects (a)-(c) with the cloak
[shown in Fig. 2(b)] and (d)-(f) without the cloak. Three incident angles are (a), (d): 0°, (b),
(e): 45°, and (c), (f): 90°. The regions in white color are the cloaking regions with PEC
boundaries.

where ni and Li is the refractive index and length of the i-th subwavelength channel, respectively.
λ is the wavelength in vacuum. The positive integer number m is carefully chosen to make
sure that the value of ni is between 1 and 2. Here, the designed working frequency is 0.3GHz
and the designed refractive index value for each subwavelength channel is shown in Fig. 6(a),
which ranges from one to two. Figure 6(b) shows the relative length Li/λ, the refractive index
ni and the integer multiple number m of each subwavelength channel (only shows half of the
subwavelength channels due to symmetry). For the first two subwavelength channels, m is not
an integer number, and this is because we choose a relatively low value of the refractive index
(n1 = 1, n2 = 2) to avoid local resonance and get a better performance. Our simplified cloak
still has a good cloaking effect in the working frequency [Fig. 6(c) and (d)]. Materials in the
interior of branch cut are greatly simplified to isotropic dielectrics (index between 1 and 2)
and is homogenous in each subwavelength channel. The width of the subwavelength channels
should be on the subwavelength order, which can be treated as the effective medium for the
EM waves. From the perspective of effective medium theory, there is no lower bound on the
width of the subwavelength channel. However, for the practical implementation, the width of
the subwavelength channels cannot be too small (it should be wide enough for drilling holes on
dielectric slabs). For fabrication, we can drill holes with different size or density on a dielectric
disk and then split it into several parts, which represent dielectrics of each subwavelength channel
[18]. Metal tapes can be used between each adjacent dielectric slab to form the boundary of
each subwavelength channel. Although 70 subwavelength channels are used in Fig. 6(c) and
(d), smaller number of subwavelength channels can still get a similar performance as shown in
Fig. 6(e) and (f), where 30 subwavelength channels are used instead of 70.
Conventional conformal cloak with different profiles (i.e., with Eaton lens, Maxwell fisheye,

or pure metal boundaries [23–25]) all have a large and rapid change of the refractive index inside
the ‘circular branch cut’. In the present work, although the refractive index inside the ‘circular
branch cut’ is inhomogeneous, it is homogeneous inside each subwavelength channel. In addition,
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Fig. 4. Distributions of the electric field (for TM) for PEC objects (a)-(b) with the other two
cloaks [shown in Figs. 2(a) and 2(c)] and (c)-(d) without the cloaks with an incident angle of
45°. The regions in white color are the cloaking regions with PEC boundaries.

Fig. 5. Distributions of the x and y components of the electric field (for TM) for the second
cloak (shown in Fig. 2(b)) under three different wavelengths of (a) a, (b) 2.125a and (c) 5a.
(d)-(f) are magnified plots of those in (a)-(c). The regions in white color are the cloaking
regions with PEC boundaries.
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Fig. 6. (a) Refractive index distribution inside the branch cut of the simplified cloak
(homogenous in each subwavelength channel). (b) Relative length Li/λ, the refractive index
ni and the integer multiple number m of each subwavelength channel (only shows half of the
subwavelength channels due to symmetry); the green region indicates the refractive index
ranges from 1 to 2. (c)-(f) The distribution of the electric field (for TM waves at 0.3GHz)
for the PEC object covered by the simplified cloak (c) with 70 subwavelength channels and
(e) with 30 subwavelength channels. (d) and (f) are the relative zoom-in plots.
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the refractive index inside the ‘circular branch cut’ can be designed to a value between 1 and 2,
i.e., the large and rapid change of the refractive index of the conventional conformal cloak is
replaced by a relative flat and small value, which is a big improvement from the conventional one.
Therefore, the proposed method “manipulating structures directly in the physical space” may
play a role in promoting more feasible invisibility technology.

4. Summary

Considering all previous methods on OCM cloaks are making designs in the lower Riemann
sheet in the reference space, and are then transformed back to the physical space [19–28], the
traditional designing process inevitably leads to unpredictable materials (often needs a large
and rapid change of the refractive index) and boundaries (e.g., asymmetric irregular curves)
in the physical space. In this study, we propose the method “manipulating structures directly
in the physical space” to design two-dimensional omnidirectional cloaks with symmetrical
subwavelength channels with simple geometrical shapes and normal dielectrics (refractive index
is between 1 and 2).

In conclusion, the novelty of the present work can be summarized as: Firstly, we abandon the
conventional OCM cloak design process (i.e., design an optical loop in the lower Riemann sheet
in the reference space and then transform it to the physical space) by manipulating symmetrical
structures directly in the physical space. This idea provides us with more flexibility and less
complexity in the conformal cloak design (e.g., there is no complex mathematical calculations
during the design process). Secondly, the cloaking device designed by the proposed method
has simpler structure with more flexibility than the previous one, i.e., arbitrary predesigned
metal boundaries for both subwavelength channels and the concealed region, which provides
convenience for real fabrication. As an example, omnidirectional OCM cloaks of simple
geometrical shapes (polyline or elliptical channels) and realizable isotropic materials (refractive
index is smaller than 2 in the whole device) are designed by the proposed method, which show
very good scattering-suppression effect in numerical simulations.
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